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We consider spaces of splines in & variables of smoothness r and degree  defined
on a polytope in R¥ which has been divided into simplices. Bernstein-Bézier
methods are used to develop a framework for analyzing dimension and basis
questions. Dimension formulae and local bases are found for the case r=0 and
general k. The main result of the paper shows the existence of local bases for spacss
of trivariate splines (where £k =3) whenever d>8r.  © 1992 Academic Press, Inc.

1. INTRODUCTION

We begin by defining a triangulation in R*. Suppose that k> 1 and that
¥ < R* is a set of N distinct points. The following definitions are standard
{see [3, 13]):

DeFmiTioNn 1. A k-simplex ¢ (0<k<k) is the convex hull of x+ 1
points called the vertices of a. ¢ is non-degenerate if its wx-dimensionai
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volume is non-zero and degenerate otherwise. The dimension of a non-
degenerate x-simplex is x. The set of vertices of ¢ is denoted by <o ). The
convex hull of a subset of {a)> containing u+ | <k elements is a u-face
of 6. A (k—1)-face of ¢ is also called a facetr of 0. The convex hull of a
finite set P of points is denoted by conv(P).

DERINITION 2. A triangulation 9 of the set ¥~ is a set of non-degenerate
k-simplices satisfying the following requirements:
1. All vertices of each simplex in 4 are elements of ¥".
2. The interiors of the simplices in  are pairwise disjoint.
3. The simplices cover the convex hull of ¥7, ie., as point sets we
have

Q:=conv(¥)= ) T. (1)

Tes
4. Each facet of a simplex in 7 either is on the boundary of £ or else
is a common face of exactly two simplices in J.
5. Each simplex in 4 contains no points in ¥~ other than its vertices.
Note that a p-face of a simplex is itself a y-dimensional simplex. We

denote by %, the set of all u-faces of the simplices in 7 (=0, 1, .., k—1).
We denote the set of all simplices (of various dimensions) by

N

k—1
= v (2)
u=0

In the bivariate (k=2) case & consists of vertices, edges, and triangies. In
the trivariate (k=3) case, & consists of vertices, edges, triangles and
tetrahedra.

DEerFINITION 3. The star of a simplex o €.% is the point set
star(o)= ) = (3)
ted,oct

Note that throughout this paper the symbol < does not exclude
equality. Thus the star of a simplex 6 €7 is o itself.
We employ the usual definition of binomial coefficients:

m! )
if m>=n

(m)z nl (m—n)’ @)

n .
0, otherwise.
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L~

DerNiTION 4. Given a triangulation &
define the corresponding spline space

and integers 0<r<d, ws

ST )= {seC"(Q):s| P, Vred }, {3)

where P% is the (*}“)-dimensional linear space of all k-variate polynomials
of total degree not exceeding d.

These spaces of splines are of considerable interest in numerical analysis
and approximation theory, and have been studied heavily in the past 15 years
{see [2, 4-6, 9-12, 14-17, 19, 20, 227 and references therein for the bivariaie
case and [1, 3,7, 21] and references therein for the muitivariate case}.

Clearly S75(7) is a finite-dimensional linear space. One would like to
calculate its dimension, and to construct a basis for it (preferably consisting
of elements with small supports). But these problems are very difficult {and
are not completely solved) even for the bivariate case, and so we cannot
expect to be be able to resolve them completely (at this point in time) for
the multivariate case.

Our aim in this paper is more modest. First, in Sections 2 and 3 we use
Bernstein—Bézier methods to develop a framework in which the dimension
and local basis problems can be analyzed. In Section 4 we give dimension
formulae and explicit local bases for the special case of r =0. Smoothness
conditions are discussed in Section 5. The rest of the paper deals with
trivariate splines where the triangulation becomes a tetrahedral partition.
In Section 6 we give dimension formulae and explicit local bases for certain
very special partitions. These results are used in Section 7 to establish the
main result of the paper: the existence of local bases for trivariate spline
spaces on arbitrary tetrahedral partitions whenever d> 8.

2. THE GENERALIZED BERNSTEIN-BEZIER FORM

Our analysis of S7,(77) is based on the well-known (cf. {2, 8]) Bernstein—
Bézier form of a multivariate polynomial. In this section we introduce the
required notation. Let N be the set of non-negative integers. We shall use
the set of vertices ¥~ of the triangulation as an index set. For vectors
i=[i;Jyc,eNYand a=[a,],. ., eR" let

lil= 2 i (6)
Ve
Ji!

= — n
I—[VEVIV' ey’

a

-
-3
e

iy
[/

e
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where
0%:=1. (8)

We also use the notation
o(i)=conv{V:i, >0}, o(a)=conv{V :a,#0}. 9

For each Ve ¥, we define a generalized barycentric coordinate function
as the cardinal piecewise linear function &, € S9(J") with the property

1 if V=W
= - ’ 'V- 1
by (W)=0vw {O, otherwise, VWe (10)

Clearly, in each simplex t€ 4 the functions b,, where V is a vertex of t,
reduce to the ordinary barycentric coordinates. Globally, i.c., for all xe Q,
they satisfy

Y by=1, b,=20 YVev, and x= Y by(x)V.(11)
vev Ve

Associated with these coordinate functions, we define the vector-valued
function

b(x)=[by(x¥)]pcyp- (12)

It is known (cf. [2,8]) that every function se S%(J ) can be written
uniquely as

s(x)=Y ¢;b'(x), (13)

iely

where b’ is defined from b as in (7), and where I, is the so-called domain
index set

I,={ieN":]i| =dand o(i)e ¥} (14)

The coefficients ¢; are the Bézier ordinates of s. It will be useful to define
a linear functional to pick off these coefficients. We define 4;: SY(J)— R
to be the functional defined by

Ai(s) =ci, (15)

where ¢; is the corresponding coefficient in the expansion (13).
For later use, we also introduce the set of domain points

P=Y %V, iel,. (16)

Vey”
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The pairs (P, ¢;), i€ I, are called the Bézier controf points of s, and the set
of all control points is called the control net of s.

We note that a domain point P; lies at a vertex precisely when exactiy
one component of i is non-zero. More generally, P; lies on a simplex o of
dimension g precisely when exactly g+ 1 components of i are non-zero
(corresponding to the vertices of o). For later use it will be convenient to
define the distance of a point P; from a simplex o as

d(P;, 0)= Z liy], (7
Welo)'
where
(o' =4\ {183}

is the set of all points in ¥~ which are not vertices of o.
The following lemma will be useful later:

LEMMA 5.

d_
=3 < 1). (19}

oy \dim &

Proof. Tt suffices to show that each simplex ¢ contains exactly {5 .}
domain points that are not contained in any lower dimensional simplex.
We now use induction on the dimension of the simplices. There is 1 = ("}
domain point at each vetex. If x =dim ¢ > 0, the domain points not con-
tained in a lower dimensional simples are precisely the domain points in
the interior of ¢. These can be obtained by stripping the x + 1 facets of g,
leaving a x-dimensional simplicial array of {¢**~**Y)={(9-!) domain
points. §

3. DETERMINING SETS

In the bivariate case (cf. [4-6, 12, 177} the concept of a determining ser
proved to be very useful. We now introduce a multivariate analog.

DEFINITION 6. A set @ <1, is a determining set of ST,(7 ) if, for all
seSUT),

¢; =0, Vied = 3

0. (20}

@ is a minimal determining set if there is no determining set with fewer
elements than 2.
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The following lemma is an analog of Lemma 1 of [4], and can easily be
established by elementary linear algebra.

LEMMA 7. If @ is a determining set for S,(7), then |Z| is an upper
bound on the dimension of S,(T). Moreover, if & is a minimal determining
set, then |9| equals the dimension of ST,(T).

As shown in [4] for the bivariate case, minimal determining sets & can
also be useful for constructing a basis (and dual basis) for the spline space.
The same idea can be used here in the multivariate setting.

LeMMA 8. Let & be a determining set for ST(7 ). Suppose that for each
i€ D there exists a spline [, in S7(T) such that

Then @ is a minimal determining set, the dimension of S7(7) is equal to
|2, and the functions {I;};_, form a basis for S7(T).

Proof. By construction, the /; are linearly independent, and it follows
that the dimension of S7,(J) is at least |%|. By Lemma 7 we know that 9|
is an upper bound for the dimension of $/("), and the result foliows. |

For numerical applications, it is important that the supports of basis
elements be small. Any spline in S%,(Z ) which does not vanish at a vertex
¥ must have support containing at least the star of that vertex. Thus, any
basis for S7(7°) must contain elements with supports on such sets. This
observation motivates the following definition:

DErFINITION 9. A basis for the spline space S7(7) is said to be mini-
mally supported provided that each basis element has support contained in
star( V) for some vertex V.

We shall see below that with sufficient care in the choice of a minimal
determining set for S7,(7), it is sometimes possible to arrange that the
cardinal splines /; form a minimally supported basis for S7,(7).

4. THE SPACE S(7)

In this section we give a formula for the exact dimension of S%(7), and
explicitly construct a minimally supported basis.

THEOREM 10. For all d> 1,

dim SY7)= Y (d_l) (22)

o \dimg
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Maoreover, the cardinal splines
Lix)=bl(x), iez =1, (23

provide a basis of minimally supported splines.

Proof. 1t is clear that the splines defined in (23) belong to S%(J") and
satisfy (21). Since clearly & =1, is a determining set for S%(7"), the resuit
follows immediately from Lemma 8 and Lemma 5. §

ExampiE 11. In the bivariate case (k=2), the simplices in & are ver-
tices, edges, and triangles. There is one domain point at each veriex, d— !
domain points in the interior of each edge, and (¢;') domain points in the
interior of each triangle. Letting B be the number of boundary vertices, 7
the number of interior vertices, E the number of edges, and F the number
of triangles, we get

-1
dimngN—Hd—I)E-k(d2 >F. {24}

Now using the Euler relations F=B+2/—2 and E=2B+ 373, we get
dim SS=aB+ BI+v, (253
where

d*+d
2-|- s ﬁ: dza and '}’ = _dZ -+ 1 {26:‘7

This is a special case of a formula given in [2, 17].

ExaMmPLE 12. In the trivariate case (k= 3), the number of tetrahedra is
not determined uniquely by the point set ¥”. Assume the triangulation can
be built by adding one tetrahedron at a time, joining it on precisely 1, 2,
or 3 facets to the growing triangulation (see [3] for a discussion of this
assumption). Let a,,u=1,2,3, denote the number of times that a
tetrahedron was joined at precisely i faces. Letting N be the number of
vertices, £ the number of edges, F the number of triangular facets, and 7
the number of tetrahedra, it turns out that

N=4+a,, E=6+43a,+a,,
(27)
F=4+43a,+2a,+as;, T=14a,+a,+a,

and

3

=1
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where

d+3—u
u=

X ) §=0,1,2,3 (29)

This is also a special case of a formula in [2].

5. SMOOTHNESS CONDITIONS

To analyze S(J ) where r>0, we need to take account of smoothness
conditions between the polynomial pieces. We begin with a function
seS%(7), and give conditions for it to belong to S3(7) for r>0. Let
1€ %, _, be an interior facet shared by the two simplices 7,, t,€ .7 . Let the
vertices ¥ and ¥ be defined by

T, =conv(Vu (1)) and 1,=conv(Vu (1)) (30)

Furthermore, let a=[a,], ., € RY be the vector of generalized bary-
centric coordinates of V" with respect to 1,, ie.,

V= Z awW, Z aw=1, ay=0 YWy (31)

Wednd We <>

Let e, =[ey]we» €NY be defined by ey =6, Then it is well-known
(see [8]) that se S9(F) is r times differentiable everywhere on 7 iff

G= Y G pepy® (32)
lil=p
Pipep+jET2
forall p=1,2,..rand iel,such that i,=p and P;e1,.

Equation (32) describes a smoothness condition of order p. We say that
the condition is associated with the index i or with the domain point P;.
These smoothness conditions involve Bézier coefficients in two adjoining
k-simplices. These conditions can chain together, resulting in connections
between coefficients in several different k-simplices. To analyze these condi-
tions, we want to localize these interconnections. This can be accomplished
by appropriately dividing up the index set (or domain set) as was done in
the bivariate case (cf. [4-6, 10-12]). In the remainder of this section we
assume that d> r2*.

For each simplex ¢ € & of dimension less than &, let

99(0)={ield: ¥ i,,?d—rZ"_dim"’l}\ U #Gk). (33)

Vele) 7 face of ¢
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This is a recursive definition; one takes first simplices of dimension 0, then
those of dimension 1, etc. Since

Z iv+ Z i,=d, {34)
Veda) Vel
it is clear that we can also write
33(0):{ie[d:d(Pi,o)<1'2k‘dim‘“’"1}"'\ /i3] (35)
\ rfaceof o

If o is 2 k-dimensional simplex in 7, we define

|
B(o)={iel,: Pico} \ U 421} (36)
V z face of o
Let
B*(0)={P;:ic B(0)}. (37)

Then the set #*(o) consists of domain points which are at a distance at
most r25~4m@ -1 from ¢, and which do not lie in any of the sets #*(7)
for any subsimplex 7 of ¢. If ¢ is a k-simplex, then #*(o) consists of
domain points in ¢ which are at a distance of  or more from any face of s.

ExamPLE 13. Consider the special case k=3, r=1, d=9, N=4. Thus
there is a single tetrahedron and a single nonic polynomial with 220 coef-
ficients. These are divided up as follows: For each of the four vertices there
are 35 domain points within a distance of 4 of the vertex. For each of the
six edges, there are 8 domain points with a distance of at most 2 from
the edge (but not in the vertex sets). For each triangular face o of the
tetrahedron, there are 7 domain points in #*(¢) at a distance of at most
1 from the face. Finally, there are 4 domain points inside the tetrahedron
which are not in any of the previous sets.

We claim that the sets defined in (33) form a partition of I,. Clearly, the
union of the sets #*(o) includes all of the domain points; ie.,

I,=\J @) (38)

ces

It remains to show that the sets in (33) are disjoint.

LEMMA 14. For all 6,1 &,

oH£T = Blo)yn Blt)= . {39}
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Proof. Suppose there is a domain index ie%(g)n B(t), for two
simplices ¢, T €% such that dim ¢ >dim 1, and © ¢ o. Thus

Z I-V>d_r2k—dimafl’ Z i,,;d—r2""‘”m r—l, (40)

Vedlod Vet
implying
Yoyt Y ip22d—p2FTdime-l_ppk-dime—1 (41)
Velod Vel
Also,

Y iyt Y h= Y i+ Y iy. (42)

Fedo)> Vedr) Velont) Vedo>ur)
Combining, and using 3>, _ ., ., iy <d, we obtain

Y iyzd—r2kdme (43)

Velont)

Thus there exists a face ¥ of 7 such that ie #(f), which is a contra-
diction. |

The following lemma shows how the domain points involved in a
smoothness condition lying in one simpiex interact with domain points
lying in lower order simplices.

LEMMA 15. Let d>r2* and let 6 be a given simplex. Suppose
i€ B(a). Then for each domain index i—pe,+j on the right hand side of
the smoothness condition (32) there exists a simplex w<o such that
i—pe,+jeB(w)

Proof. Fix ie #(o) and let 1, p, and ¥ be as in (32). We have to show
that for all j as in (32), i—pe, +je B(w) for some wco. Since ie %(s),
we have d(P;, ¢) <r2*~%m7—1 Now the index i — pe, +j is obtained from
i by reducing the coordinate corresponding to ¥ by p, and by increasing
other components by at most |j| < p. By the definition of distance and the
fact that V¢ g, we conclude that

dpP o) <d(P;, o) g p2k—dimeo—1 (44)

i—per+j?

and the result follows. J
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ExampLE 16. Let k=3. Then the smoothness conditions associated
with domain points lying in the disk #*(¥) around a vertex involve only
points in that disk. The smoothness conditions associated with domain
points lying in the set #*(E) for an edge E involve points in £ and in the
two disks #*(V,) and #*(V,) around the vertices ¥, and V, which form
the ends of E. The smoothness conditions associated with domain points
lying in the set Z*(F) for a (triangular) face F involve domain points lying
in the three sets #*(E,), #*(E,) and #*(E,), where E,, E,, F; are the
edges of the face, and in the three sets Z*(V ), B*(V,}), #*(V;), where
V,, V., V5 are the three vertices of F. Finally, for a tetrahedron 7, the
set #*(T) consists only of points in 7T which are not involved in any
smoothness conditions (being a distance of more than r from every face).

6. TRIVARIATE SPLINES ON A SPECIAL CLASS OF PARTITIONS

In the following section we present the main result of the paper
concerning the existence of local bases for trivariate spline spaces defined
over a tetrahedral partition. In preparation for proving this result, in
this section we discuss trivariate splines on special kinds of tetrahedral
partitions, called “oranges” in [21].

DerFiNITION 17. Let 2 be the union of a set ¢ of tetrahedra
Tt ., T'"1 which share a common interior edge. We call such a partition
an orange.

Given an orange ¢ of 2, we may assume that the common edge is
the z axis. Let v, and v, be the top and bottom vertices of Q. Then the
remaining vertices can be ordered counterclockwise according to their
projections (x,, y;) into the (x, y) plane. We number them as v,, ..., v,, and
suppose that none of them lie on the y axis. Suppose that the tetrahedra
are numbered so that T'! has vertices v, vp, v;, ;. , (Where v, :=v,).
The face separating the tetrahedra TU'~'1 and 71! is a vertical plane with
the equation y + 6,x=0, where ,= —y,/x,.

Lemma 18. Every se #7(C) can be written in the form

n d—r j—1 j—k-—1

st y,2)=ple, p2)+ Y Y Y Y ailefMx vz, (45)
=0

i=1 j=1 k=0

where

B P Y ikl ' 2 T[u], > )
$00 = U R ST e

A otherwise,

640.70 2-9
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and where p is a polynomial of total degree d in (x, y, z). Moreover, the coef-
ficients aj[,j,] must satisfy a homogeneous linear system of equations of the
form Aa=0, where a=(ay_,, .., a1)7, with a;=(ay_, q_,_ s .» @;0)",

iy k™ (aj[i]k,k,o’ “e ajl':i]k,k,j— 1> s jl':-’:-]k,k,o’ - j[:-]k,k,j~ )7 (47)
and where
_Ad—r
A= , (48)
| 4,
_Ad—r,d—r—j
AJ= T . > (49)
| A0
with Ag 4 ;e =(AF), () . AL, 1) and
B 1 0 ]
4
( U)ol :
r+j 52 r+j—1 .
2 i 1 i
Al[ci-?—j,k=
1
r+1
1 )%
(r+j.) A <r+1:_1)a?”‘1 (H_l)o?“
L \r+j r+j—1 r+1 -
(50)

Proof. The statement that s can be represented as stated is a direct
analog of the two-variable result in [157] (see also [17, 18]). By a standard
algebraic argument, the difference between the polynomial pieces p; and
P;.: which share the face with equation y+o¢,x=0 must be a linear
combination of polynomials each of which contains the factor (y + a,x) "'
The space of all such polynomials (of total degree d) is spanned by the
polynomials ¢} with 1 <j<d—r, 0<k<,j—1,and 0</<j—k—1.

To show that the coefficients must satisfy the system 4a =0, we observe
that after crossing the nth face, the expression for s must agree with the



LOCAL BASES FOR SPLINE SPACES 2558

original polynomial; ie., the coefficients of the various powers of x, y, z
of the difference s— p must all be zero. The conditions corresponding
to the monomials z*y"*/, zkxy™+t/=1 | zFx"*7 lead to the equations
Ak ke =0. Assembling these equations for | <j<d—rand 0<k <
d—r— j leads to the system da=0. §

THEOREM 19. For all 0 <r < d, the dimension of &,(0} is given by

()5

d—r+1 d—r+2
—@+) [T 2 (T 1, (51)
2 3
where
d—r
o=y (d=—r—j+1)r+j+1—je),, (523
=1
and e is the number of distinct numbers in the sequence |o |, ..., |o,].

We remark that dim &#(0)=Y4%_, S5(C) where C is the two dimen-
sional vertex star (i.e., the union of all triangles sharing the interior vertex}
obtained by projecting ¢ along the interior edge, c.f., [21].

Proof. The dimension of the space of polynomials in (x, y, z) is (“3°).
The number of linear independent nonpolynomial elements in &7 {(0) is
equal to the number of linearly independent solutions of the homogeneous
system Aa = 0. This system consists of E equations in U unknowns, where

d—r d—r
E=Y (d—r—j+)r+j+1)= Y fd—j+2)
=1 j=1
d—r+1 d—r-+2
- — {53)
(d+3)< ) > 2< ; ) (53)

and
n d—r j—1 j—k—1t

U=Y ¥ X Y 1

f=1 j=1 k=0 [=0
ar d—r+2 ,
=Y (d—r—j+1)j=n< ; ). (54)
j=1 /
Now the number of linearly independent solutions of Aa=0 is given by
U — R, where in view of the band structure of A4,

d—r d—r—j
R=rank(4)= Z rank(4,)= Y ) rank(4,, ;) (55)

Jj=1 =1 k=0
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Thus, to calculate R, we need only consider the matrices 4 j[i]k‘ > Which are
of size r+ j+ 1 by j. It was shown in [15, 18] that

rank(A4;  , i )=(r+j+1)—(r+j+1—je),. (56)
The result follows. |

Following [18], we now show how to explicitly choose a minimal deter-
mining set of indices for the spline space &#%(¢) in Theorem 19. First, we
need the analog of Lemma 3.1 of [18]. Suppose that the ordinates for
tetrahedron T''*) are given by

cid,  jtk+l+m=d, (57)

with the vertices of 757 are v, v, v,, and v,, , in order.
T B i i+1

LEMMA 20. Suppose that s€ &7, (0) is such that s=0 on the tetrahedron
TU=1, Let

a=(all,, ., al,  where al=(al, ,_,_,. .. alD)" (58)
with
(1 _— (.0 [ T
apl+q.q_(apl+q,q,0’ e apl+q,q.p—1) : (59)

In addition, let

= (ct ., )7, where [ =(cI, .., el )T (60)

with

L1 — ¢ ~[1 [ T
Coa— (cd—p—q.q,O,p’ s Cdp_gqp—r- 1.r+1) .

(61)

Then there exists an upper triangular matrix UYY with nonzero diagonal
entries such that

alil = el (62)

Proof. Without loss of generality, we may assume that the vertices of
the tetrahedron T'11 are at v,=(0, 0, v3), v;= (0, 0, 0), v,= (v}, 0, v?), and
vip1=(v}, 1, v, , v}, ), and that the common face between tetrahedron
TU='1 and TU is the (x,z) plane. Direct calculations show that the
barycentric coordinates of a point (x, y, z) in 7' with respect to the four

vertices of TL1 are given by

X

y =dUT+ﬂUB+'in+5Ui+1, (63)
z
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w
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where
T ., .2 313 1,2
(x_(vi+1}'_vi+lx)vi VU YU, ,2
= 31,2
U0y
f=l—a—y—9
2 1 {64)
y Vi1 XU )
Y= )
VUi
é‘_ y
==
i+1

It is well known (cf. [8]) that there is a lower triangular matrix L with
nonzero diagonal entries such that L¢ =, where

¢ = (¢d—r3 it ¢1)Tv where ¢p = (éd—r,a’—r—pi e ¢p,0)r’ (65\}

and
Botaq= (299PF, oy 2907~ T, (66)
and where
Y=g )" with ¥, = (Y00 o ¥piap) 5 (67)
and
Yy o= (0?7 PTIB95P, . ot P agay s T Igr T (68)

Using this connection, we see that (¢U')7 y = (cV')7 Lg = (V)7 ¢. This
implies that U= L7¢l"), and hence U= L7 is the desired matrix. §

We say that the coefficient cj[,:,z,'n is on a gth ring around the line from v,
to vy provided that /+m=gq. We now describe how to choose Bézier

coordinates to determine all of the ordinates on such a ring.

THEOREM 21. Suppose that se S, (0} on a partition O as in Defini-
tion 17, with 1 < j. In addition suppose that all of the Bézier ordinates of s in
all rings up to order r+ j— 1 and all of the ordinates of s in the tetrahedros

T gre zero. Let I, be the indices of the first

N=w—(r+j+ 1)+ (r+j+1—je), {69)
ordinates in the ordered set
(B 1y ts o € oo S el ) (70)

where the C's are as in Lemma 20, and where y,_, ., < -+ <u,=n are such
that the associated faces are pairwise distinct, and where y, < --- <y, _, is
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a complementary set so that {{iy, .., i} ={1, .., n}. Then 4;s=0 for ie [,
implies s =0.

Proof. First we note that
(n—e)j<snj—(r+j+1)+(r+j+1—je), <(n—1)j (71)

This assures that in defining I, all of the indices of ordinates with
superscripts g, .., i, _. are selected, while no index of an ordinate with
superscript u, =# is selected.

We apply Lemma 20 to force all but (r+j+1)—(r+j+1—je), of the
coefficients in the expansion

n j—1

(s—p)x, y,2)= ) ¥ akiefi(x, v, 2) (72)
i=1 /=0
to be zero (cf. the arguments in [18]). These remaining coefficients are
associated with at most e edges with different slopes, and satisfy a
homogeneous system of full rank, and thus must be zero. ||

From the above results, it is clear that to construct a minimal deter-
mining set for &7 (0), we can begin with the set of all indices of the points
in the first tetrahedron 7''*1. The smoothness conditions then ensure that
all ordinates are determined in the first r rings. Now we apply the above
theorem to determine the ordinates for all rings of order r+ 1, then for
rings of order r + 2, etc. Each of the d—r — j+ 1 rings of order r + j can be
handled separately. Indeed, the equations corresponding to any ring of
order r+ j are all the same, and in fact are all equivalent to the equations
obtained in considering &, (O).

THEOREM 22. Suppose that se ¥ 7(0) on an orange 0. Let I, be the set
of all indices corresponding to domain points in the tetrahedron T''3. For
each 1<j<d—r and 0Sk<d—r—j, let I';, be the set of indices which
determine the kth ring of order r + j. Then the set

d—r d—r—j
r=rooy U r (73)
j=1 k=0

is a minimal determining set for % 1,(0).

Proof. Clearly I' is a determining set. To show it is minimal, we need
only check that its cardinality is equal to the dimension of &7(®). But

d—r d-r—j
#(1“)=<d+2) 2 Zj(nj—(r+j+1)+(r+j+1—je)+) (74)
Jj=1 k=0

which is precisely the number in Theorem 19. |
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7. THE EXISTENCE OF LOCAL BASES FOR TRIVARIATE SPLINES

We now discuss the problem of constructing a minimal determining set
for S7,(77) in the special case of three variables (X =3) and where d> 8r.
The idea is to first find minimal determining subsets for each of the sets
(o), where o is a vertex. Then we work on the #(o) where ¢ runs through
the edges, then through the triangles, and finally through the tetrahedra.

DermiTioN 23, Fix the spline space S7,(F ). Let 05 We call a set
Y{c)=JH(o) a determining set for B(c) provided that for all se S7{F ),

a=0Vie2(c)u |J 2() = =0 Vie®{s). (75
v face of &

The set 2(o) is a minimal determining set of #(c) if there is no smaller set
which works.

The following theorem is the main result of the paper.

THEOREM 24. Let k=3, r>0, and d>8r. For each simplex 6 & let
2(0) be a minimal determining set for #(c). Then

g :={J) 2(o) {76}
ceS
is a minimal determining set for S7(Q), and
dim S3(2)=12|= ). |2(s)l. {77}
oS

Moreover, for each 6 € & and each i€ % (o), there is an associated cardingi
spline I; with support on star(c). The collection

A={l:ie g} (78}

Jforms a minimally supported basis for S,(T), and the set of linear
Sfunctionals

A*={};:ie 2} (7

NG
o

defined as in (15) form a dual basis in the sense thar (21) is saiisfied.

Proof. Using induction on dim ¢ for simplices g € &, we first establish
that 9 is a determining set. Let o € &, If dim ¢ =0, then o is a vertex, and
by Lemma 15 the smoothness conditions (32) only involve domain indices
in #(o) and by assumption all domain indices in #(c)\Z(c) are deier-
mined. If dim o >0 then the smoothness conditions only involve domain
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indices in #(o) and #(t) for lower dimensional simplices 7. The domain
indices in all sets Z(t) are determined by the induction hypothesis. The
remaining domain indices in #(c) are determined by virtue of Z(o) being
a determining set. We have established that 2 is a determining set, and
hence by Lemma 7 that the dimension of S’(77) is bounded above by |2)|.

The theorem now follows from Lemma 8 if we can show that for each
g e and each ie (o), there is an associated cardinal spline with support
on star(o) satisfying (21).

Case 1. (o is a vertex). For given ie Z(0), set ¢;=1 and ¢;=0 for all
other je 2. Then clearly /; is uniquely determined to be zero at all indices
not belonging to a tretrahedron T with a vertex at ¢. In addition, the coef-
ficient of /; is uniquely determined to be zero at all indices belonging to
balls of the form #(V), where V¢ is a vertex of 7.

Now we show that /; can be extended to each of the sets #(E), where E
is an edge. We need only consider edges E such that ¢ is one of the
endpoints of E. We can apply the results of Section 6 for oranges. First we
show how to extend /; to the complex of indices C in #(F) at a distance
of 4r+1 from o. We start with the index of the point on E, and then
proceed to the point lying in C and on the gth ring around E for
g=1,2,..,2r If g<r, these indices are uniquely determined by the r con-
tinuity conditions (to be a polynomial of degree r). Suppose g >r. There
are ng points on this ring, and the associated coefficients must satisfy a
total of nr smoothness conditions. This means that there are always some
free coefficients, and the function /; can be extended. This process can be
carried out for each 1 < ¢ < 2r, and /; has been extended to C. This process
can then be repeated for the complex at distance 4r+ 2 from o, etc. until
all coefficients corresponding to indices of points in 2(E) have been deter-
mined. (Note, that some of the complexes farthest from ¢ will intersect
B(W), where W is the vertex at the other end of E. In this case a number
of rings may already be determined to be zero).

Next we have to show that /; can be further extended to the sets Z(F)
where F is a face of a tetrahedron. We are only interested in faces F which
have ¢ as a vertex as we can take /; to be zero on all other faces. Let F be
such a face. Now each of the smoothness conditions across F involves a
pyramid of points. In particular, a typical smoothness condition of order p
will involve the index i of a point at distance p from F, and the index of
a similar point located symmetrically at a distance p from F on the other
side of F. One of these points is always free to choose, and it follows that
/; can be extended to Z(F).

Finally, it is trivial that /; can be extended to the sets %4(7), where T is
a tetrahedron as points in these sets are not involved in any smoothness
conditions, and hence we can take /; to be zero there.
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Case 2. (o is an edge). For given ie Z(c), set ¢;=1 and ¢;=0 for all
other je %. Then clearly /; is uniquely determined on the set #(o).
Moreover, it is uniquely determined to be identically zero on all sets except
for those of the form #(F), where F is a face sharing the edge ¢. But /; can
be extended to such a face by the same argument as in Case 1.

Case 3. {0 is a face or a tetrahedron). This case is trivial. §

In the bivariate case, it is known (see [11,12] and also [9]) that
minimally supported bases exist not only for all 4> 4r + 1, but also for all
d23r+2. 1t is to be expected that for the general case considered here,
minimally supported bases exist not only for all > r2* + 1, but also for all
dzr2"— 1} + k.

8. THE DIMENSION PROBLEM

Theorem 24 gives a formula for the dimension of S$7{7 ) in terms of the
number of indices in the minimal determining sets D(¢) for #(o) in (33}
associated with vertices, edges, triangles, and tetrahedra. This localizes the
dimension problem. Unfortunately, the analysis of minimal determining
sets for the sets #(o) corresponding to vertices is an extremely difficult
problem. In this case, the smoothness conditions {32) for all ie #(o) are
identical to the set of equations governing the smoothness of a function
se€ ST star(s)) and

r

|Z(c)| =dim S7,i_(star(a)). (8C)

Thus, constructing a minimal determining set for %(s) is equivalent to
dealing with spline spaces defined on a vertex star, ie., the set of
k-simplices surrounding a single vertex. The foliowing example shows
that we cannot expect to get formulae even for trivariate vertex stars
without first completely understanding the bivariate dimension problem for
arbitrary degrees and partitions.

ExampLE 25. Consider any two-dimensional triangulation 4 with more
than one interior vertex. Lift it to three dimensions by adding a point
above the triangulation and connecting that point to each of the vertices of
the two-dimensional triangulation. This results in a tetrahedral partition 7~
such that each tetrahedron has one face in the plane we started with. Now
consider a spline on the three-dimensional triangulation & . Because all but
one of the points lie in a plane, the smoothness conditions decouple into
d+ 1 sets, each of which describes a bivariate spline on the original iwo-
dimensional triangulation. The polynomial degrees of these splines are
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TABLE I
S3 on the Trivariate Clough-Tocher Split

Simplex type Dimension  # Occurences |%(o) |2(0)] Total
Boundary vertex 0 4 65 43 172
Interior vertex 0 1 69 38 38
Boundary edge 1 6 13 10 60
Interior edge 1 4 15 8 32
Boundary face 2 4 7 7 28
Interior face 2 6 13 7 42
Tetrahedron 3 4 4 4 16
Total 589 = dim S 388 =dim S

0, 1, ..., d. Thus if we can describe a minimal determining set for this three-
dimensional spline space, then we would automatically have a minimal
determining set for each of the spaces of bivariate splines S7(4), i=1, ..., d.
But, in general, dimension formulae have only been obtained for 1<i<r
and for i>3r+2. Moreover, it has been shown that the dimension of
&%.(4) may depend not only on the topology of the triangulation 4, but
also on the exact geometry (cf. [107]).

For a given tetrahedral partition 4, it may be possible to analyze the
sets #(o) associated with vertices ¢ directly. We now give two examples
where this has been done using a computer algebra system.

ExXaMPLE 26. Let ©Q be a tetrahedron, and let 7 be the triangulation
which results when we take the trivariate Clough-Tocher split of £ about
its centroid into four subtetrahedra. In this case the dimensions of ¥3(J")
and &4(7) are 589 and 388, respectively. Table I shows the number of

TABLE II

S2. on the Trivariate Clough-Tocher Split

Simplex type Dimension  # Occurences 1%B(c)| |2(0)| Total
Boundary vertex 0 4 369 220 880
Interior vertex 0 1 425 199 199
Boundary edge 1 6 70 51 306
Interior edge 1 4 90 44 176
Boundary face 2 4 46 46 184
Interior face 2 6 86 46 276
Tetrahedron 3 4 56 56 224

Total 3605 =dim S¢, 2245=dim S2,
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indices in the various subsets #(c), and the numbers in the corresponding
minimal determining sets Z(o). Similarly, the dimensions of #9.{7) and
F1A(T ) are 3605 and 2245, respectively; see Table II.

I

15.

16.
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